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In ultra-thin film of topological insulator, the hybridization between the top and bottom surfaces
opens an energy gap and forms two degenerate quantum anomalous Hall states, which give rise to
a quantum spin Hall state. In this paper, we demonstrate that a Weyl semimetal can be realized
in an ultra-thin film of topological insulator heterostructure in a similar way to that of the surface
state of a strong three-dimensional (3D) topological insulator studied by Burkov and Balents . We
find that the system realizes both 3D quantum anomalous Hall phase and 3D quantum spin Hall
phase, and the Weyl nodes occur at zero energy when both time-reversal symmetry and inversion
symmetry are explicitly broken by the magnetic field and the structure inversion asymmetry of the
thin film.
I. INTRODUCTION
Weyl semimetal is a name given to specific materials
that host Weyl fermions in three dimensions in which
time-reversal symmetry (T ) or inversion symmetry (I)
is explicitly broken1–3. The low-energy Hamiltonian near
the isolated band touching points (Weyl points) is remi-
niscent of the Weyl equation or massless Dirac equation
from high energy physics4,5, given by H = ±vFσ · k,
where σ is the triplet Pauli matrices and k is a 3-
component Brillouin zone momentum and ± denote the
chirality. In contrast to two-dimensional (2D) electron
systems7,9, the Weyl point is robust to any external per-
turbations as the three components of the momentum
are required to vanish at the point of degeneracy. The
breaking of T or I separates the Weyl nodes in momen-
tum space and they become topologically stable11. The
topological properties of Weyl points are manifested as
monopoles of Berry flux in the the Brillouin zone (BZ)
with point-like Fermi arcs surface states5.
However, when the Fermi arcs are not point-like but
tilted, there is another possibility of Weyl semimetals
dubbed type-II Weyl semimetals12. In recent years,
there have been many proposals of systems that host
Weyl semimetal phases. The pyrochlore iridates5,13 are
well-known as one of the materials in which a Weyl
semimetal phase can be observed. A very simple model
using the surface states of a strong 3D TI heterostruc-
ture has been proposed1,2,14,15. Weyl semimetal phase
has been proposed in the magnetically doped topolog-
ical band insulators16. There is also a toy tight bind-
ing model proposal that captures the existence of Weyl
semimetal phase17–19. Recently, Weyl semimetal has
been discovered experimentally in photonic crystals21.
The experimental realization of Weyl semimetal in TaAs
has also been reported using angle-resolved photoemis-
sion spectroscopy22–24.
In this letter, we demonstrate that Weyl semimetal can
be realized in an alternating ordinary insulator and thin
film of topological insulator (TI) multilayer. This het-
erostructure has some similarities to the model studied
by Burkov and Balents1. However, the ultrathin film of
TI possesses a different Hamiltonian25–28. Besides, they
can be easily grown in the laboratory and have been real-
ized in most experiments in ultrathin Bi2Se3 and Bi2Te3
films29–31. In experiments, it is indeed possible to grow
quintuple layers (QL) of an ultrathin film of TI, in which
two Bi and three Se or Te layers are stacked together.
In particular, we show that in the absence of a mag-
netic field and structure inversion asymmetry the thin
film of TI multilayer captures a phase with two Dirac
nodes, which annihilate each other at the phase transition
point and opens a gap to a 3D QSH phase. In the pres-
ence of an external magnetic field, however, the system
breaks T but preserves I. We find that the magnetic field
introduces a 3D QAH phase. We also find a phase with
two Weyl points separated in momentum space (Weyl
semimetal) and an ordinary insulator. Adding a struc-
ture inversion asymmetry term introduces a potential dif-
ference between the top and bottom surfaces of each layer
and breaks I but preserves T , while the magnetic field
breaks T but preserves I, and the whole system then
breaks both symmetries. In this case, the system still
produces a Weyl semimetal phase and the nodes still oc-
cur at zero energy. We also analyze the effects of an
orbital magnetic field and obtain the Landau level spec-
tra of the system. The zero Landau levels capture the
appearance of Weyl semimetal phase in the vicinity of
the bulk gap. Finally, we show that in the absence of the
magnetic field and the structure inversion asymmetry,
the continuum limit of the ultrathin film TI multilayer is
the same as the continuum limit of the toy tight binding
Hamiltonian of Weyl semimetal17–20.
II. MODEL
Following Burkov and Balents1, we study a simple
Hamiltonian of an ultrathin film of topological insulator
heterostructure (Fig. 1). The Hamiltonian is governed
by
H =
∑
k⊥,ij
a†k⊥iHijak⊥j , (1)
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2where
Hij = vF (zˆ × σ) · k⊥δij + ( tS
2
− t⊥k2⊥)τzσzδij
+ bτxδij + γσzδij +
tD
2
(δj,i+1 + δj,i−1)
2
τzσz. (2)
Here, σ are the Pauli matrices on the real spin space and
τ are the which surface pseudo spins. k⊥ = (kx, ky) is
a 2D momentum vector in the BZ. The indices i, j label
distinct thin film layers and vF is the Fermi velocity.
The first two terms in Eq. (2) describe the low-energy
Hamiltonian of a single 2D ultrathin film of TI layer25–28.
The parameters tS and t⊥ are the hybridization poten-
tials that couple the top and bottom surfaces of the same
thin film layer for small k⊥ and large k⊥ respectively. The
parameter b denotes the structure inversion asymmetry
term which will be inevitably present when growing the
system in Fig. (1). In fact, the first three terms in Eq. (2)
have recently been studied32. The electrostatic potential
introduces a potential difference of 2b between the top
and bottom surfaces. The Zeeman splitting is γ = gµBB
and can be induced by depositing a ferromagnetic mate-
rial on the thin film (magnetic doping) or directly apply-
ing a magnetic field. Here g is the Landé g-factor of the
thin film, µB is the Bohr magneton, and B is the mag-
netic field. The new parameter we introduce in Eq. (2) is
tD. This is the hybridization potential that couples the
top and bottom surfaces of neighbouring thin film layers
along the growth z-direction.
The parameters b, t⊥, tS , and tD depend on the
thickness of the thin film. The first three parame-
ters have been determined both numerically26–28 and
experimentally29,30. The new parameter tD can also be
determined by growing the multilayer in Fig. (1). With-
out loss of generality we assume all the parameters to be
positive b, t⊥, tS , tD > 0, which is indeed the case in most
experiments in 2D thin films (tD = 0)29,30.
Insulator
tD
d
x
FIG. 1: Color online. Schematic sketch of four array of alter-
nating ordinary insulator and thin film topological insulators
(TI), where tS is the hybridization potential that couples the
top and bottom surfaces in the same thin film layer, tD is the
hybridization potential on neighbouring thin film layers, d is
the spacing between film layers.
III. ZERO FIELD AND ZERO POTENTIAL
Let us first consider a very simple case γ = b = 0
in Eq. (2). To study the topological properties of this
system it is expedient to Fourier transform into mo-
mentum space along the growth z-direction. We obtain
H =
∑
k a
†
kH(k)ak, with
H(k) = vF (zˆ × σ) · k⊥ + ∆ˆ(kz, k⊥)σz, (3)
where
∆ˆ(kz, k⊥) =
(
tS
2
− t⊥k2⊥ +
tD
2
cos(kzd)
)
τz. (4)
One distinguishing feature of ∆ˆ is that it contains
quadratic terms in the continuum limit, which is in fact
a common feature of toy tight binding models of Weyl
semimetal17,20. For the model in Eq. (3), the system pre-
serves T and I. It may be written as a four-component
Dirac fermions
H(k) =
(H↑(k) 0
0 H∗↑(−k)
)
, (5)
where the arrow denote the top surface and the bottom
surface is related by H∗↑(−k) = σyH↓(k)σy under a uni-
tary transformation using U = diag(σ0, iσy), where σ0 is
a 2× 2 identity matrix. Under time-reversal symmetry
and inversion symmetry, we have
T : H(k)→ T H∗(−k)T −1, (6)
I : H(k)→ IH(−k)I−1. (7)
The T operator is T = τ0⊗Θ, where Θ = iσyK and K is
the complex conjugation. The inversion operator for this
system is I = τz ⊗ σz. Note that T 2 = −1 and I2 = 1.
The system thus describes a 3D Dirac semimetal. The
eigenvalues of ∆ˆ(kz, k⊥) are ±∆(kz, k⊥), where
∆(kz, k⊥) =
tS
2
− t⊥k2⊥ +
tD
2
cos(kzd). (8)
The corresponding eigenspinors are
u↑ =
(
1
0
)
; u↓ =
(
0
1
)
. (9)
The Hamiltonian then becomes
Hs(k) = vF (zˆ × σ) · k⊥ + s∆(kz, k⊥)σz, (10)
where s = ± (↑, ↓).
Similar to Burkov and Balents1 model at zero mag-
netic field, ∆(kz, k⊥) vanishes at tS/tD = 1 for kz = pi/d
and at tS/tD = −1 for kz = 0, only if kx = ky = 0. The
Hamiltonian is easily diagonalized. The energy eigenval-
ues are two-fold degenerate as expected from Kramers
3theorem due to time-reversal symmetry. They are given
by
η(k) = η
√
v2F k
2
⊥ + ∆2 = ηεk, (11)
where ∆ = ∆(kz, k⊥) and η = ± labels the conduction
and the valence bands respectively, and the eigenvectors
are
χη(∆) =
1√
2
(√
1− η ∆
εk
,−iηe−iθk⊥
√
1 + η
∆
εk
)T
,(12)
where θk⊥ = tan−1 (ky/kx). Hence, the eigenspinors of
the complete system are the tensor product of Eqs. (9)
and (12) given by
ψ↑η =
(
χη(∆)
0
)
and ψ↓η =
(
0
χη(−∆)
)
. (13)
For tD 6= 0, the system can be regarded as two copies
of 3D two-band QAH insulators, each breaks T and the
whole system is T -invariant. There are two Dirac nodes
located along the line kx = ky = 0, kz = pi/d± k0z , where
k0z =
1
d
arccos
(
tS
tD
)
. (14)
We see that the T -invariant ultrathin film TI multi-
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FIG. 2: Color online. The topological phase transition in
(tS/tD, kz) space at γ = b = 0. The two Dirac nodes are not
protected by symmetry and they are required to annihilate at
the phase transition point tS = tD giving rise to fully gapped
phase (QSH phase) for tS > tD.
layer captures a phase with two Dirac nodes along the
kz-axis for tS < tD. However, since having only T and
I symmetries cannot produce stable Dirac points with
non-trivial topological invariant number4,33, additional
symmetry (e.g. crystal rotational symmetry) is required
to stabilize the Dirac points as in the case of 3D Dirac
semimetal proposed in Cd3As2 and Na3Bi34–36. Thus, in
the present model the Dirac points must annihilate each
other (see Fig. 2). This is what happens at the topolog-
ical phase transition point tS/tD = 1. A gap reopens for
tS > tD, which corresponds to a 3D QSH phase. The
topological invariant number, ν, in the vicinity of the
Dirac points must vanish by time-reversal symmetry4,33.
In the 3D QSH phase (tS > tD), we compute the Z2
topological number by diagonalizing the parity opera-
tor in the occupied bands at the phase transition point
kx = ky = 0, kz = pi/d, using the method of Fu and
Kane37. We obtain
(−1)ν = −sgn(tS − tD). (15)
IV. NONZERO FIELD AND ZERO POTENTIAL
When a nonzero magnetic field is applied to the sys-
tem, the 3D Dirac semimetal can be driven into various
topologically distinct phases since time-reversal symme-
try is broken1,34. Keeping b = 0 preserves inversion sym-
metry. In this case, the resulting Hamiltonian is given
by
Hs(k) = vF (zˆ × σ) · k⊥ +ms(kz, k⊥)σz, (16)
where ms(kz, k⊥) = γ + s∆(kz, k⊥). The above Hamil-
tonian (Eq. 16) is very similar to that of Burkov and
Balents1 except for the ∆(kz, k⊥) function. The effect
of breaking time-reversal symmetry is that the degener-
acy of each Dirac node split into two Weyl nodes (the
kissing of two non-degenerate bands) separated in mo-
mentum space. This is clearly seen by diagonalizing the
Hamiltonian with γ 6= 0. The eigenvalues are given by
ηs(k) = ηεs(k) = η
√
v2F k
2
⊥ +m2s(kz, k⊥). (17)
The eigenspinors are given by Eq. (13) with the re-
placement ε(k) → ε±(k); ±∆(kz, k⊥) → m±(kz, k⊥).
Now the Dirac nodes are given by the solutions of
m−(kz, k⊥) = 0. Note that the positive mass never
changes sign. The Dirac nodes are located at kx = ky =
0, kz = pi/d± k0z , where
k0z =
1
d
arccos
(
1− 2
tD
[γ − tS − tD
2
]
)
. (18)
We denote the phase boundaries by γ± = (tS ± tD)/2,
where γ+ > |γ−|. The phase diagram comprises an
ordinary insulator phase for γ < |γ−| and a 3D Weyl
semimetal phase in the regime |γ−| < γ < γ+, with two
Dirac nodes. For γ > γ+ the system transits into a 3D
QAH phase. The Chern number depends only on the
τz = −1 sector. It can be computed using the eigen-
states of the occupied bands in the τz = −1 sector, we
obtain38
C−(kz) = −1
2
[sgn (γ −∆(kz, 0)) + sgn(t⊥)]. (19)
The total conductivity is quantized at k0z = pi/d or kz =
0. It is given by
σxy = − e
2hd
[sign (γ − γ+) + sign(t⊥)]. (20)
4V. NONZERO FIELD AND NONZERO
POTENTIAL
Now we study the effects of breaking both time-reversal
symmetry and inversion symmetry. This can be achieved
by turning on the structure inversion asymmetry, b 6= 0.
The Hamiltonian is given by
H(k) = vF (zˆ × σ) · k⊥ + [γ + ∆ˆ(kz, k⊥)]σz + bτx. (21)
(ii) b+ < b < b−
(iii) b = b+ (iv) b < b+
(i) b > b
−
FIG. 3: Color online. The energy dispersion of Eq. (3) along
the growth direction, that is kz direction in momentum space
with kx = ky = 0. We take tS < tD, b < γ, and γ > γ±.
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FIG. 4: Color online. The phase diagram of the thin film
heterostructure with the same parameter regimes in Fig. (3).
There are three regimes comprising aWeyl semimetal (WSM),
a 3D QAH effect, and an ordinary insulator bounded by the
phase boundaries in Eq. (26).
The structure inversion asymmetry breaks inversion
symmetry but preserves time-reversal symmetry (if we
take T = τx ⊗ Θ), whereas the magnetic field breaks
time-reversal symmetry and preserves inversion symme-
try. The whole system thus breaks both symmetries and
a Weyl semimetal phase is also possible15. The eigenval-
ues of Eq. (21) are given by
ηs(k) = η
√
[∆(kz, k⊥) cos θ(k⊥)]2 +m2s(kz, k⊥); (22)
where ms(kz, k⊥) = ξ + sχ,
ξ =
√
v2F k
2
⊥ + γ2; χ =
√
b2 + ∆2 sin2 θ(k⊥); (23)
sin θ(k⊥) =
γ
ξ
; cos θ(k⊥) =
vF k⊥
ξ
. (24)
The Weyl nodes are given by the solution of m− = 0. We
obtain kz = pi/d± k0z , where
k0z =
1
d
arccos
(
1− 2
tD
[
√
γ2 − b2 − tS − tD
2
]
)
, (25)
and b < γ. For b  γ, there is neither a circular node
nor a Weyl node as can be verified from Eq. (22). The
phase boundaries are given by
b± = η
√
γ2 − γ2±, (26)
where b+ < b−. The Chern number in Eq. (19) only
changes by the phase boundary Eq. (26).
Figures (3) and (4) show the energy bands and the
phase diagram respectively. Approaching the phase
boundaries from the upper bound, we see that the system
is an ordinary insulator for b > b−. The two Weyl nodes
are located at the intermediate regime b+ < b < b−.
The Weyl nodes, however, occur at the zero energy de-
spite broken time-reversal and inversion symmetries. At
b = b+ they are annihilated at the center of the BZ
k0z = pi/d or kz = 0. For b < b+ the system is again
fully gapped, which corresponds to a 3D QAH phase.
VI. ORBITAL MAGNETIC FIELD EFFECTS
Next, we study the effects of an orbital magnetic field
through the Peierls substitution, k⊥ → −i∇+ ecA. In the
Landau gauge the vector potential, A = −yBxˆ and cor-
responds to a magnetic field along the growth z-direction.
Introducing the operator pi = −i∇+ ecA, Eq. (3) can be
written as
H(kz) = vF (piyσx − pixσy) + [γ + ∆ˆ(kz, pi⊥)]σz + bτx,
(27)
where
∆ˆ(kz, pi⊥) = [
tS
2
+
tD
2
cos(kzd)− t⊥(pi2x + pi2y)]τz. (28)
The Landau level spectrum is obtained by introducing
the creation and annihilation operators:
pix =
a† + a
lB
√
2
; piy = −ia
† − a
lB
√
2
, (29)
where l2B = c/eB is the magnetic length. In terms of a
and a† the Hamiltonian becomes
H(kz) = iωB
√
2(σ+a− σ−a†) + [γ + ∆τz]σz + bτx,
(30)
5where
∆(kz; a
†, a) =
[
tS
2
+
tD
2
cos(kzd)− ω0
(
a†a+
1
2
)]
.
(31)
Here, ωB = vF /lB is the magnetic frequency and
ω0 = 2t⊥/l2B is the harmonic oscillator frequency. The
eigenvalue equation may be written as(
hL(kz) b
b hR(kz)
)(
ψL
ψR
)
= (kz)
(
ψL
ψR
)
, (32)
where
hL/R(kz) = iωB
√
2(σ+a− σ−a†) + [γ ±∆(kz; a†, a)]σz,
(33)
and ψL/R are two-component spinors.
Equation (32) shows that the potential b acts as a mass
term in 4×4 Dirac equation. When this mass, b, vanishes,
ψL and ψR decouples into two separate Weyl equations.
For the two coupled Weyl fermions b 6= 0, the eigenvec-
tors are spinors given by
ψL/R;n 6=0 =
(
αL/Run−1
βL/Run
)
, (34)
where αL/R, βL/R are constants to be determined. The
operators satisfy aun =
√
nun−1; a†un =
√
n+ 1un.
Hence, Eq. (32) yields a secular equation for αL/R and
βL/R
∣∣∣∣∣∣∣∣
R1 − n iωB
√
2n b 0
−iωB
√
2n R2 − n 0 b
b 0 R3 − n iωB
√
2n
0 b −iωB
√
2n R4 − n
∣∣∣∣∣∣∣∣ = 0, (35)
where
R1,2 = ω0
2
±R+n (kz); R3,4 = −
ω0
2
±R−n (kz), (36)
Rsn(kz) = γ + s
[
tS
2
+
tD
2
cos(kzd)− ω0n
]
. (37)
The solutions for n(kz) correspond to the Landau level
spectrum. Next, we drop the zero point energy of the
harmonic oscillator in Eq. (36), that is ω0/2, which can
be eliminated by normalizing the oscillator energy. Thus,
Eq. (35) is amenable to analytical solution and the Lan-
dau level are given by
ηn,s(kz) = η
√
(ξn + sχn)2 + ∆2n cos
2 θn, n ≥ 1, (38)
η0(kz) = η(γ −
√
b2 + ∆20), n = 0, (39)
where
ξn =
√
2nω2B + γ
2; χn =
√
b2 + ∆2n sin
2 θn; (40)
sin θn =
γ
ξn
; cos θn =
√
2nωB
ξn
; (41)
∆n(kz) =
tS
2
+
tD
2
cos(kzd)− ω0n. (42)
The zero Landau levels in Eq. (39) clearly recover the
Weyl nodes derived above.
VII. CONTINUUM LIMIT
Finally, we now consider the continuum limit of the TI
thin film multilayer (Eq. 3). As mentioned above, one of
the crucial differences between the present heterostruc-
ture and that of Burkov and Balents1 is the ∆ˆ(kz, k⊥)
function, which is diagonal in the τ space. In the con-
tinuum limit we expand the ∆ˆ(kz, k⊥) function near the
Dirac point at kx = ky = 0, kz = pi/d and obtain
∆ˆc(kz, k⊥) = [
tS − tD
2
− t⊥k2⊥ +
t˜D
2
k2z ]τz, (43)
with t˜D = d2tD/2 and we have rescaled kz → kz + pi/d.
The continuum Hamiltonian can then be written as
Hc(k) = vF (zˆ × σ) · k⊥ + ∆ˆc(kz, k⊥)σz. (44)
-5 0 5
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FIG. 5: Color online. The Landau level energy bands in the
continuum limit (a) γ = 0; b = 0.35; (b) γ = 1, b = 0.35. All
other parameters are tD = 0.5, tS = 0.8tD, t⊥ = 0.1, vF =
g = B = 1. The universal constants e, c, µB are set to unity.
The blue curves denote the zero Landau levels.
Using Eq. (44), it is readily seen that the Dirac nodes
in the continuum limit are located at kc = (0, 0,±kcz),
where
kcz =
1
d
√
2(1− tS/tD); (45)
6provided tS/tD < 1. Similar expression can be found
for the general case b, γ 6= 0. Near the Dirac points, the
dispersion is that of a massless 3D Dirac equation, given
by
±(q) ≈ ±
√
v2F q
2
x + v
2
F q
2
y + v˜
2
F q
2
z , (46)
where v˜F = t˜Dkcz and q = k − kc is the momentum
deviation from the Dirac nodes. Figure (5) shows the
Landau levels in the continuum limit for γ = 0, b 6= 0
(a) and γ 6= 0, b 6= 0 (b). The Landau levels capture
the appearance of Weyl (nodal) semimetal. We find no
evidence of Weyl nodes for γ = 0, b 6= 0 as can be seen
from the phase boundary in Eq. (26). Each pseudo spin
sector (τz = ±1) in Eq. (43) is the same as the contin-
uum limit of the toy tight binding Hamiltonian of Weyl
semimetal17–20.
VIII. CONCLUSION
In this paper, we have studied a Weyl semimetal model
first introduced by Burkov and Balents1, but with an ul-
trathin film of topological insulator layers, whose Hamil-
tonian is different from that of the surface state of a
strong 3D topological insulator. In this new model, a
3D quantum spin Hall state emerged and the nodes of
the Weyl semimetal occur at zero energy when time-
reversal and inversion symmetries are broken. This new
heterostructure can also be grown in the laboratory us-
ing ultrathin Bi2Se3 and Bi2Te3 films. Hence, it is ex-
perimentally accessible. Another important feature of
the present model is that it reproduces previously stud-
ied toy tight binding models17–20 of Weyl semimetal in
the continuum limit. Thus, it offers a physical realiza-
tion of a Weyl semimetal phase in those systems. Thus,
the ultra-thin film of topological insulator multilayer is
another candidate for realizing Weyl semimetal phases
(nodal semimetal) and quantum spin Hall state in three-
dimensional electron systems.
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